We originally exploit the vortex beams with patterns of closed polygons [namely, polygonal vortex beams (PVBs)] generated by a quasi-frequency-degenerate (QFD) Yb:CALGO laser resonator with astigmatic transformation. The PVBs with peculiar patterns of triangular, square, and parallelogram shapes carrying large orbital angular momentums (OAMs) are theoretically investigated and experimentally obtained in the vicinity of the SU(2) degenerate states of laser resonator. The PVBs in QFD states are distinct from the vortex beams with patterns of isolated spots arrays located on the triangle-, square-, and parallelogram-shaped routes [namely, polygonal-spots-array vortex beams (PSA-VBs)] under normal SU(2) degenerate states. Beam profile shape of PVB or PSA-VB and OAM can be controlled by adjusting the cavity length and the position of pump spot. The simulated and experimental results validate the performance of our method to generate PVB, which is of great potential for developing applications such as particle trapping and manipulation.
Introduction
Optical vortex beams (OVBs) carrying orbital angular momentums (OAMs) nowadays are motivating widespread applications such as optical tweezers [1] - [3] , optical communications [4] - [6] , nanostructures processing [7] , [8] , and quantum entanglement [9] , [10] , to name a few. An OVB generally has a whirlpool-like phase distribution with the phase singularity giving rise to a dark hole at the center region of intensity pattern. The typical representatives are the classical doughnutshaped Laguerre-Gaussian (LG) beams [11] , [12] . Most recently, some peculiar OVBs with multiple vortices array [13] - [18] , large fractional OAM [19] , [20] , and specially tailored profiles [21] - [29] other than the conventional doughnut-shaped LG beams are arousing great interest for exploiting novel theories and technologies. For instance, the Ince-Gaussian (IG) beams and helical-Ince-Gaussian (HIG) OVBs with hyperbolic or elliptical profile can be used in multi-particle manipulation [1] , [13] - [15] . The Hermite-Laguerre-Gaussian (HLG) modes with an array of multiple singularities can be used to express mutual intensity evolution in closed form [16] - [18] . G. Gbur recently proposed an intriguing fractional OVB with singularities of transfinite numbers, physically realizing the peculiar mathematical description of Hilbert's Hotel paradox [19] , [20] . L. Li et al. recently proposed a method to generate arrays of vortices along arbitrary curvilinear arrangement such as circle, square, pentagram, etc. which can be used in freely trapping of multiple particles [21] . Y. F. Chen et al. has realized plenty of geometric modes with peculiar profiles of multiple circles [22] , Lissajous parametric surfaces [23] , [24] , quantum Green's functions [25] , [26] , and multiple spots shape [27] - [29] , which all reveal a deeper quantum-classical connection as quantum coherent states in SU(2) Lie algebra [30] - [33] . To sum up, the investigations upon novel structured vortex light fields are of great significance for frontier scientific researches.
In this work, we propose a new kind of polygonal vortex beams (PVB), which is generated by astigmatic transformation of the geometric modes in the vicinity of SU(2) coherent frequencydegenerate states. The PVBs carrying OAMs with patterns of closed triangle, square, and parallelogram shapes are obtained respectively in quasi-frequency-degenerate (QFD) states. The PVBs are distinct from the vortex beams with patterns of spots arrays located on the triangle-, square-, and parallelogram-shaped routes [namely polygonal-spots-array vortex beams (PSA-VBs)] in normal degenerate states as reported before [27] - [29] . In order to obtain a stable QFD state, Yb:CALGO crystal is used as the gain medium in our resonator for its extremely broad emission band [34] - [36] . The profile of PVB or PSA-VB as well as the OAM can be controlled by adjusting the cavity length and the position of pump spot.
The newly proposed PVB has great potential to extend various applications of vortex beams. The controlling of new kind of light field structure can always be utilized for tailoring new type of particles trapping and manipulating [1] - [3] and opto-mechanics assemblies [7] , [8] , [39] . For instance, the particles manipulations realized by the light fields with elliptical and hyperbolic shapes [1] , [40] , Archimedes' screw shape [41] , Mathieu function shape [42] , asymmetrical circular shape [43] , to name a few. The PVB with closed-loop profile has more effective binding potential compared with PSA-VB for expanding the related applications. For the application of micro-opto-mechanics [39] , the PVB can be adopted for realizing new kind of optical spanner and thus enrich the assembling methods. Moreover, PVB can be used for multidimensional modulation utilizing its multi-singularity large-OAM properties, and be further applied in the high-capacity optical communication [6] . The new structure of PVB can also inspire us to explore generalized propagation dynamics of vortex beams, considering that the common circular profile of vortex beams can be seen as a special case of PVB with the edge number Q of polygon tending to infinity.
Theories

Frequency-Degenerate Resonator
To fulfill the reentrant condition of two-dimensional coupled harmonic oscillators in SU(2) Lie algebra, the cavity configuration requires a frequency-degenerate state of = f T / f L = P/Q ∈ Q, where P and Q are coprime integers, and f L ( f T ) is the longitudinal (transverse) mode spacing [30] - [33] . The optical resonator satisfying a degenerate state is called frequency-degenerate cavity (FDC). Without loss of generality, we consider a plano-concave laser cavity with the length of L , comprised of a gain medium, a concave spherical mirror with the radius of curvature of R , and a planar output coupler [30] , [31] . The eigenmodes ψ n,m,s and the eigenvalues k n,m,s for a laser cavity satisfy the Helmholtz equation:
Under the paraxial approximation, the eigenmodes that are separable in Cartesian coordinate (x, y, z) for the cavity with a concave mirror at z = −L and a plane mirror at z = 0 can be expressed as the Hermite-Gaussian (HG) modes:
with the HG distribution: where θ G (z) = tan −1 (z/z R ) is the Gouy phase, H n (·) represents the Hermite polynomials of n-th order, k n,m,s = 2πf n,m,s /c, f n,m,s is the eigenmode frequency, c is the speed of light,z = z + ( = P/Q , the corresponding degenerate state is easier to be generated with higher intensity peak [30] . Since the rational number field Q is dense and countable, the cavity parameters for the emergence of degenerate states can form a Devil's Staircase [23] . The irrational number field (R − Q) is uncountable, thus the non-degenerate states are generally more than the degenerate states based on mathematics of real analysis.
Ray-Wave Duality
When an optical resonator is operating close to FDC, its laser mode and intensity would undergo dramatic changes with the principle that laser modes have a preference to be localized on the periodic ray trajectories under off-axis pumping, which is called the ray-wave duality (RWD) [30] , [31] . Firstly, FDC mode has the ray-like property. Based on geometrical optics, the ABCD matrix is used to characterize the propagation property of the optical ray trajectories inside a stable plano-concave cavity [37] . Since the cavity length satisfies L /R = sin 2 ( π) under degeneracy state | = P/Q , the corresponding ABCD matrix of the FDC is given by:
After n times of round trips in the FDC, the matrix is derived as:
Since Q is a prime number, Q -th power of A is an unit matrix:
Equation (6) reveals that an optical ray oscillating at an arbitrary position within the cavity would coincide exactly with the initial state after Q times of round trips. Therefore, it is proved that the lasing modes have a preference to be localized on the periodic ray trajectories in FDC. Secondly, FDC mode has the wave-like property. Based on physical optics, the actual lasing mode is a certain paraxial structured Gaussian beam rather than simple optical rays. Deeply based on quantum optics, the lasing mode is characterized by coherent-state wave-function of a quantum harmonic oscillator. In common non-degenerate states, it has been confirmed that the high-order HG mode can be experimentally generated under off-axis pumping with a sufficiently large off-axis displacement [35] , [38] . Whereas in degenerate states, it has been theoretically and experimentally confirmed that the emission mode can be characterized by the quantum coherent states with SU(2) Lie algebra [33] :
where M + 1 stands for the number of HG modes in family of ψ
. ., which constitute a family of frequency-degenerate modes, where n 0 and s 0 represent the minimum transverse and maximum longitudinal orders in the degenerate family respectively. Note that all the discussion corresponding to the off-axis pumping with ( x, 0) can be applied to the case of (0, y) for the degenerate family in terms of ψ (HG) 0,m 0 +Q ·K ,s 0 −P ·K (x, y, z). The wave-packet patterns of the coherent states ψ M (x,y,z;φ 0 ) n 0 are verified to manifest the RWD, and the phase factor φ 0 can be used to link to the starting ray of the geometric periodic orbits [31] . When M = 0 in Eq. (7), the SU(2) coherent state is reduced to a HG mode, revealing the common non-degenerate states. Figure 2 depicts the theoretical periodic ray trajectories and SU(2) coherent-state modes un-
with various combinations of n 0 and M. As can be seen in FDC, the mode with larger value of n 0 and M is more analogous to show the ray property; the mode with smaller value of n 0 and M is more analogous to exhibit the wave property. The degenerate state with a simpler rational fraction shows a more distinct RWD effect. In contrast, in non-degenerate cavity it is impossible to generate a periodic ray trajectories mode.
Therefore, FDC mode has the RWD.
Quasi-Frequency-Degenerate States
The frequency-degenerate theory is established under the assumption of monochromatic light field, while the actual laser beams are always quasi-monochromatic with a spectral linewidth. Thus, a mode in degenerate state cannot drastically collapse to a non-degenerate state when the FDC is adjusted to a condition in the vicinity of degenerate state. We propose the QFD wave-function to describe the mode behavior in the vicinity of FDC: n 0 +Q ·K ,0,s 0 −P ·K (x, y, z) outside of the normal SU(2) wave-packet. As can be seen, if q K = 0, i.e., no extrinsic HG mode is mixed, the QFD wave-function [Eq. (8) ] is reduced to a pure SU(2) wave-packet [Eq. (7)]. The QFD wavefunction is based on to the physical origins that the emission mode performs as a SU (2) wavepacket in normal degenerate state and as a HG mode in non-degenerate state. When q K satisfies n 0 +Q ·j,0,s 0 −P ·j (x, y, z). The meaning of index j is that the QFD wave-function has a tendency to collapse to a single HG mode with indices of (n 0 + Q · j, 0, s 0 − P · j), which is dependent on the actual value of off-axis displacement.
According to the principle of Devil's Staircase [23] , the condition of a pure SU(2) wave-packet in degenerate states is more rigorous than that of a HG mode in non-degenerate states. Therefore, it is rational to understand the quasi-degenerate states as that some extrinsic HG modes outside a pure SU(2) wave-packet are mixed in. Additionally, we note that the occurrence of degenerate states is not only determined by the fraction , but also impacted by factors such as pump power, pump beam size, off-axis displacement, gain medium, etc. For the same fraction , the laser can possibly perform as a degenerate state or a quasi-degenerate state or even a non-degenerate state for different gain media, pump power, off-axis displacement, etc., which is related by the form of quasi-degenerate parameters q K .
Astigmatic Transformation of QFD Modes
With an external π/2-cylindrical-lens astigmatic mode converter (AMC), a HG mode with its principal axes inclined by 45
• can be transformed into a doughnut-shaped LG mode [11] , [12] . Using π/2-AMC, the QFD mode of quasi state | = P/Q can be transformed into a vortex beam having pattern of the closed regular polygon with edges number of Q (regular Q -gon). The transformed wave-function is written as:
with the LG function:
where (r , ϕ, z) represents the cylindrical coordinate, L | | p (·) represents the associated Laguerre polynomials with radial and azimuthal indices of p and , and the sign of ± represents the chirality of vortex. For the case of q K = 0 (in degenerate state), the vortex beam has the pattern with the spots located on a Q -gon-shaped route. When the QFD cavity is adjusted to a non-degenerate state, the vortex beam tends to resemble a circular LG vortex beam.
For general AMC system, the Gouy phase difference between two orthogonal directions cannot always be strictly controlled as π/2 (i.e., the inclined angle α of input HG mode is not 45
• ), the more general mode is in the form of the HLG mode with multiple singularities and fractional OAM [16] - [18] . In general AMC systems, the corresponding transformed PVB with Q -gon profile for QFD mode can be written as:
with the HLG function: 8), merely changing the bases of HG mode into LG and HLG modes. More detailed morphologies (e.g. singularities distribution and intensity profile) of the vortex beam with the closed Q -gon pattern are dominated by q K , which controls the interpolated process between the Q -gon profile and the circular profile. The parameter q K should be given particularly for different cases, because there is a wide range of quasi-degenerate state, where different transition states can reveal different impacts on the SU(2) wave-packets and the transformed vortex beams. Therefore, the specific value of q K is determined according to the actual experimental results for a certain quasi-degenerate state. 
Experimental Setup
The experimental setup of the laser oscillator is shown in Fig. 3(a) . A high-power 976 nm fibercoupled laser diode (LD) (Han's TCS, core: 105 μm, NA: 0.22, highest power: 110 W) was used as the pump source. A 4 × 4 × 2 mm 3 a-cut Yb:CALGO (Altechna, 5 at.%) is used as the gain medium.
Taking advantage of the extremely broad emission spectrum of Yb:CALGO, the laser crystal possesses ameliorated quasi-monochromatic property compared with common narrow-linewidth crystal (e.g. Nd:YAG and Nd:YVO 4 ). Therefore, a stable QFD state is easier to be realized. With two identical antireflective (AR) coated lenses with the focal length of F = 60 mm, the pump light was focused into the crystal with the beam waist radius of about 200 μm. The end surfaces of Yb:CALGO were AR coated at 900-1100 nm, which was wrapped in a copper heat sink water-cooled at 18
• C. The linear cavity included a plane mirror [DM 1 : AR at 976 nm and high-reflective (HR) at 1030-1080 nm] and a concave output coupler (OC, with the transmittance of 1% at 1020-1080 nm; R = 100 mm). Another dichroic mirror (DM 2 : HR at 976 nm and AR at 1030-1080 nm) was used to filter the residual pump light. All the coupling lenses system, OC, and DM 1 are installed on threedimensional high-precision displacement stages, thus the off-axis displacement of pumping and the cavity length can be precisely adjusted. In our setup, the adjustable range of cavity length can cover the two degenerate states | = 1/4 and | = 1/3 at L = R /2 = 50 mm and L = 3R /4 = 75 mm, as shown in Figs. 3(b) and (c) respectively.
Moreover, A Mach-Zehnder interferometer was built for generating and measuring the OAM, as shown in Fig. 3(d) , the two arms were formed by two beam splitters and two 45
• HR mirrors. For the one arm, the laser was incident into the AMC after being focused by a convex lens (F = 150 mm), and then be captured by a CCD camera (Spiricon, M2-200s) after being focused by another convex lens (F = 125 mm). The AMC constituted by two identical convex-plane cylindrical lenses with the focal length of f = f 1 = f 2 = 25 mm and a separation of 35.4 mm ( √ 2f ). For the another arm, a confocal telescope including two convex lenses (F = 60 mm and F = 300 mm) with an aperture AP in between was used as a confocal telescope system. The AP was positioned to select a bright spot region of the laser beam to pass through, so as to form a coherent near plane wave for obtaining an interference diagram for verifying OAM.
Results and Discussions
Generation of QFD Modes
Figure 4(a) shows the evolution of the experimentally measured emission modes versus various L and x. The pump power is set as 24 W for the whole process in our experiment. With zero off-axis displacement, the output mode is near-TEM 00 for various L , and the pump threshold is about 8.3 W. For L = 50 mm, the cavity is in | = 1/4 , and RWD effect is getting more obvious as x gradually increased. At x = 0.5 mm, a pattern with four bright isolated spots is obtained involved in a periodic ray orbit in FDC. When L is enlarged, the degenerate mode gradually changes into QFD state and then tends to a HG-like pattern. In this process, the laser intensity gradually decreases until the emission mode vanishes around L = 70 mm. With the off-axis displacement shortened to x = 0.2 mm, the intensity slightly recovers but many mixed transverse patterns emerge. Afterwards, when L is increased to 75 mm (corresponding to the state | = 1/3 ), the mixed mode becomes organized, and the periodic ray-orbit mode with period of three becomes more obvious with the increment of x, following the principle of RWD. We also slightly adjust the cavity length around L = 75 mm to observe the mode morphology of QFD states. For the modes evolution in L = 75.5 mm, a QFD state in the vicinity of | = 1/3 ), some exotic strips are mixed in the QFD mode. It should be noted that we have not observed any periodic ray-orbit degenerate mode between | = 1/3 and | = 1/4 , such as | = 2/7 , | = 3/11 , and | = 3/10 , in contrast to the previous results based on the narrow-linewidth Nd:YVO 4 where more fractional degenerate states can also be generated. We also enlarged the off-axis displacement to near 1.0 mm, but still did not observe existence of any degenerate states between | = 1/3 and | = 1/4 . Note that the gain spectrum of Yb:CALGO is extremely broad and the gain coefficient is much lower than that of Nd-doped crystal, which would lead to much higher pump threshold when the off-axis displacement is further enlarged. Therefore, the trivial states such as | = 2/7 , | = 3/11 , and | = 3/10 are difficult to generate. In other words, there are much broad ranges for QFD states of | = 1/3 and | = 1/4 in our Yb:CALGO laser. Figure 4(b) shows the simulated interpretations for the experimental degenerate and QFD modes according to the QFD theories in the previous section. Figure 5 (a) shows the laser power evolution versus the cavity length for our Yb:CALGO laser. As an important characteristic of FDC, the laser power will dramatically increase when a degenerate state is reached. As can be seen, in our Yb:CALGO laser, the two peaks of power curve are emerged at the positions of degenerate states | = 1/3 and | = 1/4 , while the laser power variation is not so dramatic and unveils a wider quasi-degenerate region than Nd-doped laser. As a comparison, Figure 5(b) shows the laser power evolution versus the cavity length for a Nd:YVO4 laser in previous works [30] (the laser resonators are both plane-concave cavities), where the narrow peaks at various trivial degenerate states between | = 1/3 and | = 1/4 are revealed. Therefore, the wide quasi-degenerate region of Yb:CALGO laser is helpful to generate the PVB in the following sections rather than the conventional Nd-doped lasers.
We found that the region of quasi-degenerate state is much wider in Yb:CALGO laser in contrast to typical Nd-doped lasers. The experimental phenomenon can be explained as follows. Because Fig. 6 . The experimental results of mode transformation of (a-e) various degenerate, quasi-degenerate non-degenerate modes, (f-j) the corresponding transformed modes by AMC, and (k-o) the corresponding transformed modes by near-π/2-AMC.
the Nd-doped crystal has narrow-peak emission spectrum, the laser is close to the monochromatic light due to the prior gain competition at the emission peak. While the Yb:CALGO has a very broad emission band (about 80∼90 nm, nearly a hundred times of that of Nd-doped crystal [34] ), the laser has more tendency to perform as quasi-monochromatic light due to the complex gain competition and frequency pulling effects. The theory of frequency-degenerate cavity is established based on monochromatic light approximation. Therefore, the difference between the Yb:CALGO laser and the typical Nd-doped lasers is understandable on this issue.
Generation of Polygonal Vortex Beams
The beam transformation with the AMC is an effective method to generate optical vortex beams carrying OAM via converting HG modes into the general HLG modes [17] , [18] , as well as transforming planar geometric modes into circular geometric modes [28] . Hereinafter, we demonstrate that the QFD modes can be transformed into PVBs carrying OAM. Figure 6 shows the experimental results of mode transformation of the modes in (a) | = 1/4 , (b) quasi state | ≈ 1/4 , (c) non-degenerate, (d) | = 1/3 , and (e) quasi state | ≈ 1/3 states. For | = 1/4 , the transformed PSA-VB mode shows a spots-array pattern along a parallelogram-shaped route after a general AMC. Especially, the spots array can be gradually located on a square-shaped route when the AMC is near-π/2-AMC condition (the inclined angle α of input HG mode is adjusted to 45
• ). For the quasi state | ≈ 1/4 , the transformed PVB mode shows a closed parallelogram shape for AMC and especially a square shape for near-π/2-AMC. For non-degenerate state, the transformed mode is elliptical for AMC and tends to a circle for near-π/2-AMC. For | = 1/3 , the transformed PSA-VB modes show an spots-array pattern along triangular route for AMC and especially the spots array can be located on a regular triangle route for near-π/2-AMC. For the quasi state | ≈ 1/3 , the transformed modes show a closed triangular pattern for AMC and especially a closed regular-triangle-shaped pattern for near-π/2-AMC. The stable formations of polygonal vortex beams corresponded to the off-axis displacement of about 400-800 µm when the pump power was set as 24 W in our experiment. If the displacement is too small, the polygonal profile would be difficult to identify due to the too low mode order. If the displacement is too large, the pump threshold would be too high to allow laser emission. The laser emission was confirmed to be continuous-wave (CW), which could operate with high stability for more than 12 hours. For more evidences about the temporal stability, please refer to the stability measurement results of the Yb:CALGO vortex beam in our previous work [44] . 
The basic principle of mode evolution of PVBs is revealed by both simulated and experimental results. All the results shown in Fig. 7 are simulated under parameter z = 0.8z R , because the corresponding experimental results shown in Fig. 7 were recorded when the CCD detecting plane was put at the position about z = 0.8z R of the laser beam. The basic principle of mode evolution of PVBs is revealed by both simulated and experimental results.
For verifying the OAM of the vortex beams, we experimentally measured the bifurcations and spiral-pattern interferograms. Figures 8(a-c) shows the mode field of a square-like vortex beam with average OAM of 5 and its fork-like and spiral structures in interferograms. Actually, the lower-order PVB shows less unique characteristics comparing with conventional doughnut-shaped vortex beam rather than the higher-order PVB. However, when the mode order goes higher, both the dark region size and beam size become much bigger, and it would be more difficult to obtain clear bifurcations and spiral patterns in experiment. Hereinafter, we demonstrate some results of higher-order PVBs series q K which can also reveal good agreement between simulations and experiments, and the exploration of the general form of q K would be one of our focus in further works. For verifying the purity of our vortex beams, we tested the contrast ratio (the intensity ratio of the brightest area of the beam to its darkest central part), and an example of the measured profile of a square vortex beam is shown in Fig. 9 . As can be seen, the intensity of the darkest central part is nearly zero in contrast to the brightest area (the contrast ratio is over 100:1). The propagation of transverse pattern is also demonstrated. The beam patterns at different propagation distances are self-similar in geometry, which can keep a polygon shape. Additionally, the pattern is rotating along the propagation, revealing the orbital angular momentum of the light. Figure 10 shows the experimental and simulated results of transverse pattern evolution versus propagation distance for a parallelogram PVA-VB and a parallelogram PVB.
Conclusion
In summary, we propose a method to generate polygonal optical vortices carrying OAM with pattern in the closed Q -gon shapes by transforming QFD modes in the vicinity of degenerate state | = P/Q via AMC. A Yb:CALGO crystal is used as the gain medium in our resonator to obtain a stable quasi-degenerate state, taking advantage of its extremely broad emission band. The PVB with closed triangle shape is obtained at QFD state in the vicinity of | = 1/3 , in contrast to the PSA-VB with spots-array pattern along triangular route in the normal degenerate state. The PVB with closed square and parallelogram shape are respectively obtained at QFD state in the vicinity of | = 1/4 , in contrast to the PSA-VB with spots-array patterns along corresponding square-and parallelogram-shaped route in the normal degenerate state. Besides, more Q -gon vortex beams with Q ≥ 5 are not exhibited due to the limitation of actual adjustable range of our experimental setup, and the realization and physical origin of which will be one of the focuses in further works. The simulated and experimental results show good agreement for validating the performance of the novel vortex beams with closed polygon pattern, which is of great potential to inspire novel technologies in particle trapping and beam shaping.
